Abstract. It is commonly accepted that the gauge problem of cosmology can be addressed by defining a gauge-invariant variable which may play the role of an energy density perturbation. In the course of time, a number of approaches have been proposed to tackle the gauge problem. Yet, even though all treatments are based on the Friedmann-Lemaître-Robertson-Walker universe, the gauge-invariant variables differ substantially. In this article three of the most influential and comprehensive treatments are critically reviewed. It is shown that none of these treatments yields a correct description of density perturbations, since these approaches do not encompass the Newtonian theory of gravity. Consequently, the gauge problem is not solved by these treatments.
Introduction
In order to study the evolution of density perturbations the linearized Einstein equations and conservation laws are needed. Mathematically, the problem is basically very simple. First, all quantities relevant to the problem are divided into two parts: 'a background part' and 'a perturbation part'. The background parts are chosen to satisfy the Einstein equations and conservation laws for a Friedmann-Lemaître-Robertson-Walker universe. Because of the isotropy, the background quantities depend on the time coordinate ct only. The perturbation parts are supposed to be small compared to their background counterparts, and to depend on the space-time coordinates (ct, x). The background and perturbation parts are often referred to as 'zero-order' and 'first-order' quantities, respectively. This terminology is also used in this article. After substituting the sum of the zero-order and first-order parts of all relevant quantities into the Einstein equations and conservation laws, all terms that are products of two or more quantities of firstorder are left out. This procedure leads, by construction, to a set of linear differential equations for the quantities of the first-order. Obtaining the solution of this set of linear differential equations is then reduced to a standard problem of the theory of ordinary, linear differential equations.
The first systematic and extensive study of cosmological perturbations was conducted by Lifshitz [1, 2, 3] . Almost half a century later, Mukhanov, Feldman and Brandenberger, in their 1992 review article [4] entitled 'Theory of Cosmological Perturbations' discussed in a comprehensive study more than 60 articles on the subject, and, subsequently, suggested their own approach to the problem.
The fact that so many studies are devoted to a problem that is nothing but obtaining the solution of a set of ordinary, linear differential equations is due to the fact that there are several complicating factors, not so much regarding the mathematics involved, but with respect to the physical interpretation of the solutions.
Origin of the problem
Dividing a physical quantity into a zero-order and a first-order part creates an ambiguity. More precisely, the two physical quantities that play the leading roles in the theory of cosmological perturbations are the energy density, ε(t, x), and the particle number density, n(t, x). The linearized Einstein equations and conservation laws contain as known functions the zero-order functions ε (0) (t) and n (0) (t), which describe the evolution of the background, i.e., they describe the evolution of the unperturbed universe and they obey the unperturbed Einstein equations and conservation laws, and as unknown functions the perturbations ε (1) (t, x) and n (1) (t, x). The latter are the solutions to be obtained from the linearized Einstein equations and conservation laws. The subindexes 0 and 1, which indicate the order, have been put between round brackets, in order to distinguish them from tensor indices.
The linearized Einstein equations and conservation laws, which determine the firstorder quantities ε (1) (t, x) and n (1) (t, x), do not define these quantities uniquely. In fact, it turns out that, next to any solution for ε (1) and n (1) of the linearized Einstein equations and conservation laws, solutions exist of the form (see Appendix C for a derivation) ε (1) (t, x) = ε (1) (t, x) + ψ(t, x)ε (0) (t), (1) n (1) (t, x) = n (1) (t, x) + ψ(t, x)ṅ (0) (t),
which also satisfy the linearized Einstein equations and conservation laws. Here a dot stands for the derivative with respect to ct. In the expressions (1) and (2) the function ψ is an arbitrary but 'small' function of the space-time coordinates (ct, x), i.e., ψ is to be considered of the first-order. The terms ψε (0) and ψṅ (0) are the so-called gauge modes.
Thus, the perturbations ε (1) and n (1) are defined by the linearized Einstein equations and conservation laws up to terms that are proportional to an arbitrary function, ψ, usually called a gauge function in this context. Since a physical quantity, i.e., a measurable property of a system, cannot depend on an arbitrary function, the quantities ε (1) and n (1) do not describe density perturbations. But, if ε (1) and n (1) cannot be identified with physical perturbations, which functions do describe perturbations? This is the notorious 'gauge problem' encountered in any treatment of cosmological perturbations. Many different answers to this question can be found in literature, none of which being completely satisfactory, which explains the ongoing discussion on this subject.
Early attempts to address the gauge problem
In an attempt to dispose of the gauge modes ψε (0) and ψṅ (0) , one should first define gauge-invariant variables which are assumed to play the role of density perturbations. Next, one uses the background and first-order Einstein equations and conservation laws to derive evolution equations for these quantities. The gauge-invariant variables together with their propagation equations is commonly referred to as a 'gauge-invariant perturbation theory.' In this article the three most important and influential approaches to the gauge problem, namely the work of Bardeen [5] , the work of Ellis, Bruni and Hwang [6, 7] , and the work Mukhanov, Feldman and Brandenberger [4] , are reviewed. In these approaches gauge-invariant quantities are constructed which are assumed to play the role of an energy density perturbation. To be specific, Bardeen uses the gauge-invariant quantity E 0 ǫ m , (237), Ellis et al use µD, (255) and Mukhanov et al use δε (gi) , (259). In this article, a new perturbation theory is proposed which invariably yields the gaugeinvariant quantity ε gi (1) , defined by (9) . As is clear from their definitions, these four quantities differ substantially from each other:
whereas the background energy densities are equal, i.e., E 0 (t) = µ(t) = ε 0 (t) = ε (0) (t),
since all four approaches use the same flrw background universe. Consequently, the following question is justified: which of the four quantities (3) correctly defines the physical energy density perturbation?
Physical perturbations
In order to answer this question, a physical argument is invoked to discriminate between these treatments and the treatment developed in this article. From the Newtonian theory of gravity it is well-known that the source term ρ(x) of the gravitational field equation (i.e., the Poisson equation) for the potential ϕ(x)
is the matter density. The general theory of relativity encompasses the Newtonian theory of gravity: in the limit of weak gravitational fields and low velocities with respect to the velocity of light, the Einstein field equations and conservation laws reduce to the Newtonian field equation (5) . Finally, in the Newtonian theory of gravity there is no gauge problem, implying that energy density perturbations are unambiguously defined. Therefore, all that has to be done is to take the Newtonian limit of these four approaches and to find out which of the definitions (3) becomes the source term of the Poisson equation (5) . This definition is then the correct energy density perturbation. This sequence has been carried out for the approaches of Bardeen, Ellis et al and Mukhanov et al in Section 13. It is shown that none of these approaches yields a satisfactory description of the evolution of density perturbations. Therefore, the conclusion must be that the gauge problem of cosmology is not solved by these treatments. Motivated by this conclusion, a new perturbation theory has been developed. It is shown in Section 10 that the gauge-invariant variables ε gi (1) and n gi (1) are the correct physical density perturbations.
Solution of the gauge problem of cosmology
In this Section an overview of the new approach to solve the gauge problem of cosmology is given, and the lines along which it is developed are sketched. In the remainder of this article all the details are filled in.
The evolution of an unperturbed flrw universe is described by five quantities, namely the energy density ε (0) , the particle number density n (0) , the expansion scalar θ (0) = 3H (the global expansion or contraction, H is the Hubble function), the threedivergence ϑ (0) = 0 [the local expansion or contraction, see (32), (33) and (42)] and the global spatial curvature 3 R (0) . These quantities occur in the Einstein equations and conservation laws (94)-(98). Of these five quantities, three are scalars, i.e., invariant under space-time transformations, namely
where N µ is the cosmological particle current four-vector
and U µ is the four-velocity of the cosmological fluid with U µ U µ = c 2 . The full set of first-order linear Einstein equations and conservation laws for a flrw universe, namely (74), (76), (78), (80), (82) and (84), has three types of independent solutions. These are the gravitational waves (tensor perturbations), the vortices (vector perturbations) and the scalar perturbations. Furthermore, only scalar perturbations are, in the first-order, coupled to density perturbations. In Section 6 these facts are used to eliminate the tensor and vector perturbations from the above mentioned full set of perturbed Einstein equations and conservation laws. The result is a set of four ordinary linear differential equations (100)-(103) and one algebraic equation (104) for the five first-order quantities ε (1) , n (1) , θ (1) , ϑ (1) and 3 R (1) , which exclusively describe scalar perturbations. These five first-order quantities are the perturbed counterparts of the five background quantities ε (0) , n (0) , θ (0) = 3H, ϑ (0) = 0 and 3 R (0) . What has been shown is that in a first-order perturbation theory (94)-(98) and (100)-(104) for scalar perturbations in a flrw universe only the three scalars (6) play a role. This observation enables solving the gauge problem of cosmology in the following way.
The first-order perturbation to the expansion scalar transforms in the same way as ε (1) and n (1) , i.e.,
where θ (0) and θ (1) are the background and perturbation part of the expansion scalar.
With the help of this expression and the expressions (1) and (2) the gauge function ψ is eliminated to obtain two non-zero gauge-invariant quantities, namely
Since there are only three scalars which play a role in the evolution of density perturbations, the definitions (9) are the only non-trivial possibilities to define gaugeinvariant perturbations. These definitions imply
The physical interpretation of (10) is that a local density perturbation does not influence the global expansion of the universe. In other words, the gauge-invariant perturbation to the Hubble function vanishes: H gi (1) (t, x) = 0. Thus, the gauge problem of cosmology is solved by eliminating the gauge function ψ, using the scalars (6) which are naturally present in the new theory.
In order to show that ε gi (1) and n gi (1) are indeed the correct physical perturbations, the Newtonian limit is derived in Section 10 by taking the limit v/c → 0 (the gravitational field is already weak). In this limit, the only remaining physical equations are (165) and the Poisson equation (169). As a consequence, ε gi (1) and n gi (1) are the physical perturbations. This answers the question raised at the end of Section 1.2.
Einstein equations and conservation laws in synchronous coordinates
In this Section the Einstein equations and conservation laws are rewritten in synchronous coordinates, substantially simplifying the derivation of the new perturbation theory.
A synchronous system of reference is a system in which the line element for the metric has the form
The following abbreviations will prove useful:
where a dot denotes differentiation with respect to x 0 = ct. From (12) it follows that the connection coefficients of (four-dimensional) space-time
are in synchronous coordinates given by
From (16) it follows that the Γ k ij are also the connection coefficients of (threedimensional) subspaces of constant time.
The Ricci tensor R µν := R λ µλν is given by
After substituting (14)-(16) into (17) one finds for the components R µ ν = g µτ R τ ν of the Ricci tensor
using (11) and (12) . The vertical bar in (19) denotes covariant differentiation with respect to the metric g ij of a three-dimensional subspace:
The quantities 3 R ij in (20) are found to be given by
Hence,
3
R ij is the Ricci tensor of the three-dimensional subspaces of constant time. An alternative way to write the Einstein equations G µν − Λg µν = κT µν , where
where T µν is the energy-momentum tensor. In (23) the symbol Λ stands for a positive constant, the well-known cosmological constant. The constant κ is given by
with G Newton's gravitational constant and c the speed of light. In view of the Bianchi identities one has G µν ;ν = 0. Hence, since g µν ;ν = 0, the source term T µν of the Einstein equations must fulfil the equations
These four equations are the energy-momentum conservation laws. Substituting the components (18) 
where
is the curvature scalar of the three-dimensional subspaces of constant time. The (differential) equations (28) are the so-called dynamical Einstein equations, defining the evolution (of the time derivative) of the (spatial part of the) metric. The (algebraic) equations (26) and (27) are constraint equations, relating the initial conditions, and, once these are satisfied at one time, they are satisfied automatically at all times, provided the conservation laws (25) are satisfied.
The right-hand side of equations (26)- (28) contain the components of the energymomentum tensor T µν , which, for a perfect fluid, are given by
where u µ = c −1 U µ is the hydrodynamic fluid four-velocity normalized to unity (u µ u µ = 1), ε the energy density and p the pressure. In this expression terms containing the shear and volume viscosity, and other terms related to irreversible processes, are neglected. The equation of state for the pressure
where n is the particle number density, is assumed to be a given function of n and ε. As stated above, the Einstein equations (26) and (27) are only constraint equations to the Einstein equations (28): these equations are relations that should exist between the initial values of the various unknown functions, in order for the Einstein equations to be solvable. In the following, it is assumed that these conditions are satisfied. Therefore, only the nine equations (28), of which, because of the symmetry of g ij , only six are independent, need to be considered. These six equations, together with the four equations (25) constitute a set of ten equations for the eleven (6 + 3 + 1 + 1) independent quantities g ij , u i , ε and n. The eleventh equation needed to close the system of equations is the particle number conservation law N µ ;µ = 0, i.e., (nu
where a semicolon denotes covariant differentiation with respect to the metric tensor g µν . This equation can be rewritten in terms of the fluid expansion scalar θ defined by equation (6) . Using (14)- (16), the four-divergence θ in (6) can be rewritten in the form
where the three-divergence ϑ is given by
Using (14)- (16), the four energy-momentum conservation laws (25) can be rewritten aṡ
The particle number conservation law (31) reads, using (6),
Since T 0i is a vector and T ij is a tensor with respect to coordinate transformations in a subspace of constant time, and, hence, are tensorial quantities in this three-dimensional subspace, a bar can be used in (34) and (35) to denote covariant differentiation with respect to the metric g ij (t, x) of such a subspace of constant time t.
The Einstein equations (26)- (28) and conservation laws (34)-(36) describe a universe filled with a perfect fluid and with a positive cosmological constant. The fluid pressure p is described by an equation of state (30).
The discussion is now limited to a particular class of universes, namely the collection of universes that, apart from a small, local perturbation in space-time, are homogeneous and isotropic, the so-called Friedmann-Lemaître-Robertson-Walker (flrw) universes.
In Section 5 the zero-and first-order Einstein equations and conservation laws for a flrw universe are derived. To that end, the relevant zero-and first-order quantities which occur in these equations are derived in Section 4.
Zero-and first-order quantities for the FLRW universe
In order to derive the zero-and first-order quantities, all quantities Q concerned are expanded in series, distinguishing the successive terms of a series by a subindex between brackets:
where the subindex zero refers to quantities of the unperturbed, homogeneous and isotropic flrw universe. In this expression η (η = 1) is a bookkeeping parameter, the function of which is to enable actual calculations to easily distinguish between the terms of different orders.
Zero-order quantities
Expressed in synchronous coordinates, the background metric g (0)µν and its inverse g
of a flrw universe is given by
whereg ij (x) is the metric of a three-dimensional maximally symmetric subspace, and a(t) is the scale factor of the universe. In flrw universes, the fluid four-vector is proportional to δ
The time derivative of the three-part of the metric g (0)ij , κ (0)ij , may be expressed in the standard Hubble function H(t) := (da/dt)/a(t). However, it is more convenient to use the function H(t) = c −1 H(t), called Hubble function hereafter. Recalling that a dot denotes differentiation with respect to ct, it is
Substituting the series expansion (37) into the definitions (12), the following result is obtained
only having considered terms up to the zero-order in the bookkeeping parameter η. Similarly, with expressions (14)-(16), (32), (33), (37), (39) and (41) it is found for the background fluid expansion scalar, θ (0) , and the three-divergence, ϑ (0) , that
Using (29), (38) and (39) the components of the energy-momentum tensor are
where the background pressure p (0) is given by the equation of state (30), which, for the background pressure, is defined by
i.e., the subindex zero in p (0) refers to the zero-order quantities it depends on; it is not a different function of its arguments. Finally, the Ricci tensor of the three-dimensional maximally symmetric subspaces is proportional to the metric tensor of that subspace, i.e.,
(see Weinberg [8] , Chapter 15, Section 1) where k = 0, ±1. Using (38), the zero-order curvature scalar is given by
In view of the choice of the metric (+, −, −, −), spaces of positive curvature k have a negative curvature scalar 3 R (0) . From (38) it follows that the connection coefficients Γ k (0)ij are equal to the connection coefficientsΓ k ij of the metricg ij : Γ
Therefore, they do not depend on time.
First-order quantities
In this Section all quantities occurring in the Einstein equations and conservation laws are expressed in terms of the zero-and first-order quantities. After substituting the series expansion (37) into the normalization condition u µ u µ = 1, by equating equal powers of the bookkeeping parameter η, it is found that
for the first-order perturbation to the four-velocity. Writing the inverse of the metric as
It is convenient to introduce
For the time derivative of the first-order perturbations to the metric, κ (1)ij (12) , it is found that
The first-order perturbation θ (1) to the fluid expansion scalar θ, (32), is found in the same way. Using (37) and (39) one arrives at
Using (48) and (52). The first-order perturbation ϑ (1) to the three-divergence ϑ, (33), is
having used that (u
, which is a consequence of Γ
= 0; the latter equality follows from (39).
After substituting the series expansion (37) into (29) and equating equal powers of η, it is found for the first-order perturbation to the energy-momentum tensor
, T
having used (39) and (48). The first-order perturbation to the pressure is related to ε (1) and n (1) by the first-order perturbation to the equation of state (30). Consequently,
where p n and p ε are the partial derivatives of p(n, ε) with respect to n and ε,
Since only the first-order quantities are considered, the partial derivatives are functions of the background quantities only, i.e.,
Using (16) and the series expansion (37) for the first-order perturbations of the connection coefficients, it is found that
The first-order perturbation Γ
is a tensor. Indeed, using (51), the expression (59) can be rewritten in the form
Using the series expansion (37) for 3 R ij and Γ k ij , it is found for the first-order perturbation to the Ricci tensor (22) that
which can be rewritten in the compact form
By substituting (60) into (62), the first-order perturbation to the Ricci tensor of the three-dimensional subspace can be expressed in terms of the perturbation to the metric and its covariant derivatives
The perturbation
having used (38), (45), (46) and (51). After substituting (63) into (64) the result is
Taking i = j in (65) and summing over the repeated index, it is found for the first-order perturbation to the curvature scalar of the three-dimensional spaces that
Thus all quantities occurring in the Einstein equations and conservation laws are expressed in terms of the zero-and first-order quantities.
Zero-and first-order equations for the FLRW universe
In this Section the background and first-order evolution equations are derived. To that end the series expansion (37) for the various quantities Q are substituted into the Einstein equations (26)- (28) and conservation laws (34)-(36). By equating equal powers of η 0 , η 1 , η 2 , . . . the zero-, the first-and higher-order dynamical equations, constraint equations and conservation laws are obtained. In the present article, this scheme is only carried out for the zero-and first-order equations.
Zero-order equations
With the help of Section 4.1 and the series expansion (37) one can now find from the Einstein equations (26)- (28) and conservation laws (34)-(36) the zero-order Einstein equations and conservation laws. Furthermore, in view of the symmetry induced by the isotropy, it is possible to switch from the six quantities g ij and the six quantities κ ij to the curvature 3 R (0) (t) and the Hubble function H(t) only.
Einstein equations After substituting (41) and (43) into the (0,0)-component of the Einstein equations (26) it is found that
The (0,i)-components of the Einstein equations (27) are identically fulfilled, as follows from (41) and (43), leaving the six (i,j)-components of the Einstein equations (28). In view of (41), (43) and (45) the six (i,j)-components reduce to one equation, namelyḢ
having used equation (67) to eliminate the term 3H 2 . In equations (67) and (68) the background curvature 3 R (0) is given by (46). It is, however, more convenient to determine this quantity from a differential equation. Eliminating a(t) from (40) and (46) it is found that
where the initial value
in accordance with (46). (41) and (43) into the 0-component of the conservation laws (34) it is found thaṫ
Conservation laws Substituting
which is the relativistic background continuity equation. The background momentum conservation laws (i.e., the background relativistic Euler equations) are identically satisfied, as follows by substituting (41) and (43) into the spatial components of the conservation laws (35). The background particle number density conservation law can be found by substituting (39) and (42) into equation (36). Thus resulting iṅ
which concludes the derivation of the background equations.
First-order equations
In this Section the first-order perturbation equations are derived from the Einstein equations (26)- (28) and conservation laws (34)-(36). The series expansion (37) for the various quantities Q occurring in the Einstein equations and conservation laws of energy-momentum are used, followed by equating the coefficients linear in η to obtain the linearized or first-order equations. (26), it is found that 2κ
Einstein equations Using the series expansion (37) for
Using the zero-order quantities (41), the abbreviation (52) and the expression for T R (1) = −κε (1) .
With the help of the series expansion (37) for κ i j and T 0 i , it is found for the (0,i)-components of the constraint equations (27)
, which, in turn, is a direct consequence of (41). Substituting (52) and (55) into equation (75) it is found thatḣ
Finally, the (i,j)-components of the Einstein equations (28) 
With (41), (52) and (55), the result is
is given by (65). 
Conservation laws
having used that (T
(1) |k . Employing (41), (43), (52)- (54) and (55) the firstorder energy conservation law (79) can be rewritten aṡ
where θ (1) is given by (53). Next, the momentum conservation laws (35) are considered. With the series expansion (37) for κ i j and T µν , it is found for the first-order momentum conservation lawṪ
|k , and equations (41), (43), (52) and (55) it is found that 1 c
having used that g ij (0)|k = 0. Finally, the particle number density conservation law (36) is considered. Using the series expansion (37) for n, θ, and u µ , it follows that the first-order equation readṡ
With the help of (39), (42) and (48) it is found for the first-order particle number conservation laẇ
Thus the equations which, basically, describe the perturbations in a flrw universe in the first approximation have been found. They are (74), (76), (78), (80), (82) and (84). In this set of equations, , ε (1) and n (1) . The pressure p (0) is given by an equation of state (44) and the perturbation to the pressure, p (1) , is given by (56). The system of equations is not overdetermined, however, since the four equations (74) and (76) are only conditions on the initial values. These initial value conditions are fulfilled for all times t if they are satisfied at some (initial) time t = t 0 , provided the conservation laws (80), (82) and (84) are satisfied.
Scalar first-order equations
This Section is the key to the solution of the gauge problem of cosmology. Eliminating the tensor and vector perturbations from the full set of linear Einstein equations and conservation laws (74), (76), (78), (80), (82) and (84) results in a set of ordinary differential equations and one algebraic equation for the quantities θ (1) ,
and n (1) , which exclusively describe scalar perturbations. These equations govern the evolution of the physical density perturbations ε gi (1) and n gi (1) defined by (9) . Eliminating the quantityḣ k k from equation (74) with the help of (53) yields
Thus the (0,0)-component of the constraint equations becomes an algebraic equation relating the first-order quantities θ (1) , ϑ (1) , 3 R (1) and ε (1) . It now takes some steps to rewrite the three constraint equations (76) in a suitable form. Firstly, the vector perturbations are removed from these equations (gravitational waves are not coupled to these equations). Multiplying both sides by g ij (0) and taking the covariant divergence with respect to the index j yields
making use of (54). The left-hand side will turn up as part of the first-order time derivative of the curvature
. In fact, differentiating (66) with respect to ct and recalling the fact that the connection coefficients Γ k (0)ij , (47), are independent of time, the result is
having used (12), (41), (69) and g with the help of (53), it is found that
In this equation the three (0,i)-components of the constraint equations are recast in the form of one ordinary differential equation for the local perturbation,
, to the spatial curvature.
Considering the dynamical equations (78), the gravitational waves and vector perturbations are removed from these equations by taking the trace. Using (53) to eliminate the quantityḣ k k , the result iṡ
Thus, for scalar perturbations, the three dynamical Einstein equations (78) with i = j reduce to one ordinary differential equation for the difference θ (1) − ϑ (1) . For i = j the dynamical Einstein equations (78) are not coupled to scalar perturbations. As a consequence, they need not be considered.
Taking the covariant derivative of equation (82) with respect to the metric g (0)ij and using (54), results in an equation whose solution does not contain vortices anymore:
having used that the operations of taking the time derivative and the covariant derivative commute, since the connection coefficients Γ
, are independent of time. Using (71), equation (90) can be rewritten in the forṁ
2 is the generalized Laplace operator which, for an arbitrary function f (t, x) and with respect to an arbitrary three-dimensional metricg ij (x), is defined bỹ
Thus, the three first-order momentum conservation laws (82) reduce to one ordinary differential equation for the divergence ϑ (1) . Finally, the conservation laws (80) and (84) are already written in a suitable form. The algebraic equation (85) and the five ordinary differential equations (80), (84), (88), (89) and (91), is a system of six equations for the five quantities ε (1) 
and ϑ (1) . This system is, however, not overdetermined since the algebraic constraint equation (85) is an initial value condition which is automatically satisfied for all times by the solution of the remaining differential equations. This implies that one of the differential equations can be discarded. In fact, it is now shown that the dynamical Einstein equation (89) is not needed. Differentiating of equation (85) with respect to time and eliminating the time derivatives with the help of equations (68), (80) and (88) it is found thaṫ
Adding to this equation three times equation (85) yields the dynamical equation (89). Consequently, the general solution of the system (80), (84) (85), (88) and (91), is also a solution of equation (89). As a consequence, equation (89) is superfluous, and hence, can be discarded. Therefore, the algebraic equation (85) and the four ordinary differential equations (80), (84), (88) and (91), for the five quantities ε (1) , n (1) , θ (1) , 3 R (1) and ϑ (1) are taken as the basis of the new perturbation theory. For scalar perturbations this system is equivalent to the full set of linear Einstein equations and conservation laws.
Solution of the gauge problem of cosmology
It is commonly accepted that the gauge problem of cosmology can be tackled by constructing gauge-invariant variables. Up till now it was believed that this can be done in many different ways, as is clear from the vast literature on the subject and the four different definitions of gauge-invariant variables (3). Contrary to existing views, it is shown in this Section that unique gauge-invariant quantities do exist that describe first-order perturbations to the energy density and the particle number density. To that end, all relevant equations and quantities first need to be gathered.
7.1. Summary of quantities and equations 7.1.1. Zero-order equations The Einstein equations and conservation laws for the background of a flrw universe are given by (68), (71), (72) and (69):
and the constraint equation (67)
The abbreviation w is given by
The set (94)- (97) consists of four differential equations with respect to time for the four unknown quantities ε (0) , n (0) , θ (0) = 3H, and
The pressure p (0) is related to the energy density ε (0) and the particle number density n (0) via the equation of state (44). The algebraic equation (98) is a constraint on the initial values.
First-order equations
The set of linear Einstein equations and conservation laws describing scalar perturbations are given by four differential equations (80), (84), (91) and (88)
together with one constraint equation (85)
for the five unknown functions ε (1) ,
, and θ (1) . These are the first-order perturbations to the background quantities ε (0) , n (0) , ϑ (0) = 0, 3 R (0) , and θ (0) = 3H. The first-order perturbation to the pressure is given by the perturbed equation of state (56). The operator∇ 2 , occurring in equation (102), is the generalized Laplace operator defined by (92). The quantity β(t) occurring in equation (102) is defined by
where the second equality follows fromṗ (0) = p εε(0) + p nṅ(0) and equations (95) and (96).
Unique gauge-invariant variables
The set (100)- (104) is the perturbed counterpart of the background equations (94)-(98). Together these sets describe the evolution of the energy density ε, the particle number density n, the expansion scalar θ := u µ ;µ , the three-divergence of the fluid velocity ϑ := u k |k and the spatial curvature 3 R in the zero-and first-order. Of these five quantities only ε, n and θ are scalars, see expressions (6) . As a consequence, the only gaugeinvariant combinations which can be constructed from these three scalars and their first-order perturbations are the combinations (9) . These combinations always exist, since in a non-empty (i.e., ε (0) = 0) universe the Hubble function H(t) is not a constant, thusθ (0) = 0 for all times t, as follows from the Einstein equations and conservation laws (94)-(97). Since ε gi (1) and n gi (1) are unique, it must be concluded that these quantities describe correctly the density perturbations. In Section 10 this is explicitly shown.
It should be emphasized that the reasoning presented is independent of the choice of a particular coordinate system. The result that only the three scalars (6) play a role in a first-order perturbation theory can be found in any coordinate system, since scalars that are zero in one coordinate system are zero in all coordinate systems. In order to simplify the calculations a synchronous system of reference is chosen, where the three scalars (6) are non-zero and, hence, are non-zero in all coordinate systems. ‡ Eliminating the time derivatives of ε (0) and n (0) from (9) with the help of the background equations (94)-(97), yields
Now, the set of perturbation equations (100)-(104), together with the background equations (94)-(98) determine the evolution of the physical quantities (106) and (107). At this point, the initial goal is thus achieved. However, the solution of the set of equations (100)-(104) is gauge-dependent, so that this system is unnecessarily complicated. Indeed, it can be checked that these equations are invariant under the transformation
where the gauge function ψ(x) is time-independent in synchronous coordinates, see Appendix C. By switching from the variables ε (1) , n (1) , ϑ (1) , 3 R (1) and θ (1) to the variables ε gi (1) and n gi (1) a new set of equations for ε gi (1) and n gi (1) is obtained with a unique, i.e., gauge-invariant solution. These equations are derived in Section 9. First, however, an auxiliary equation related to the entropy is derived. ‡ The fourth non-zero scalar, the Ricci scalar R µ µ = −κ(ε − 3p) − 4Λ, is a function of the scalars ε, n and Λ, as follows from the Einstein equations (23) the energy-momentum tensor (29) and the equation of state (30).
Gauge-invariant entropy perturbations
The second law of thermodynamics yields a physical interpretation of a particular linear combination of ε gi (1) and n gi (1) that is encountered in the equations of the next Section. The second law of thermodynamics reads
where E, S and N are the energy, the entropy and the number of particles of a system with volume V , and where µ, the thermodynamic -or chemical-potential, is the energy needed to add one particle to the system. In terms of the energy per particle E/N = ε/n and the entropy per particle s = S/N the law (113) can be rewritten
where ε and n are the energy and particle number densities. With the Euler relation µ = (ε + p)n −1 − T s, the second law can be cast in a form without µ and N. In fact, equation (114) yields
where µ and N have indeed been cancelled. The thermodynamic relation (115) is true for a system in thermodynamic equilibrium. For a non-equilibrium system, however, that is 'not too far' from equilibrium, equation (115) may be replaced by
where d/dt is the time derivative in a local comoving Lorentz system. Now, using
and n = n (0) + n (1) , it is found from (116) that
having left out time derivatives of the first-order quantities. With the help of equations (95), (96) and (99) it is found that the right-hand side of equation (117) vanishes, i.e., s (0) = 0, implying that, in zero-order, the expansion takes place without generating entropy: s (0) is constant in time. Hence, in view of the transformation rule s (1) →ŝ (1) = s (1) + ψṡ (0) the first-order perturbation s (1) is a gauge-invariant quantity, i.e.,ŝ (1) = s (1) . Apparently, the entropy per particle s (1) is a combination of ε (1) and n (1) such that it is automatically gauge-invariant. This can be made explicit by noting that in the linear approximation, the second law of thermodynamics (115) should hold for the zero-order and first-order quantities separately. In particular, equation (115) implies
having left out products of differentials and first-order quantities, and having replaced dε and dn by ε (1) and n (1) , respectively. Now, the linear combination in the right-hand side of equation (118) has the property
as may be verified with the help of (9), (95) and (96). With the right-hand side of (119) being gauge-invariant, the left-hand side must also be gauge-invariant. This observation makes explicit the gauge-invariance of the first-order perturbation to the entropy per particle, i.e., s (1) = s gi (1) . Equations (118) and (119) then yield
where w is defined by (99). Now equation (120) can be rewritten in the form
where the gauge-independent, entropy related quantity σ
The quantity σ gi (1) occurs as the source term in the gauge-invariant evolution equations (129) and (130) below.
Manifestly gauge-invariant first-order equations
The four differential equations (100)-(103) and the algebraic equation (104) form a set of five perturbation equations for the five unknown quantities ε (1) , n (1) , ϑ (1) , 3 R (1) and θ (1) . This system of equations can be reduced in the following way. Since θ gi (1) = 0, equation (10) , the gauge-dependent quantity θ (1) is not necessary. Eliminating the quantity θ (1) from equations (100)-(103) with the help of equation (104), yields a set of four first-order ordinary differential equationṡ
for the four quantities ε (1) , n (1) , ϑ (1) and 3 R (1) . Eliminating the quantity θ (1) from (106) and (107) with the help of (104), yields
The quantities ε gi (1) and n gi (1) are completely determined by the system of background equations (94)-(98) and the first-order equations (123)-(126).
The system of equations (123)- (126) is now cast in a suitable form to arrive at a system of manifestly gauge-invariant equations for the physical quantities ε gi (1) and n gi (1) .
Evolution equations for density perturbations
The system of four differential equations (123)-(126) for the four gauge-dependent variables ε (1) , n (1) , ϑ (1) and 3 R (1) is rewritten into a new system of equations for the new gauge-invariant variables ε gi (1) and n gi (1) . It is, however, convenient to use the entropy related perturbation σ gi (1) , defined by equation (122), rather than the particle number density perturbation n gi (1) . The result is ε
The derivation of these equations is given in detail in Appendix A. In the derivation of the evolution equations it is assumed that the pressure p does not vanish: from p = 0 it follows that β = 0, implying thatβ/β does not exist. The case of a pressureless fluid ('dust') is discussed in detail in Section 10.
The coefficients a 1 , . . . , a 4 occurring in equations (129) and (130) are given by
where the functions w(t) and β(t) are given by (99) and (105), respectively. In the derivation of the coefficients a 1 , . . . , a 4 , equations (94)-(98) are used. The abbreviations p n and p ε are given by (57). Furthermore, the following abbreviations were used
The system (129)-(130) contains only gauge-invariant quantities and the coefficients a 1 , . . . , a 4 are scalar functions. Thus, these equations are manifestly gauge-invariant.
The equations (129)-(130) are equivalent to one equation of the third-order, whereas one would expect that the four first-order equations (123)-(126) would be equivalent to one equation of the fourth-order. This observation reflects the fact that the solutions of equations (123) (1) , n (1) , ϑ (1) and 3 R (1) to the gauge-independent quantities ε gi (1) and n gi (1) , one 'degree of freedom', say, the gauge function ψ(x) has disappeared from the scene altogether.
The equations (129) and (130) constitute the main result of this article. In view of (122), they are the two differential equations for the perturbations ε gi (1) and n gi (1) to the energy density ε (0) (t) and the particle number density n (0) (t) for flrw universes with k = 0, ±1. They describe the evolution of the energy density perturbation ε gi (1) and the particle number density perturbation n gi (1) for flrw universes filled with a fluid which is described by an equation of state of the form p = p(n, ε), the precise form of which is left unspecified.
Evolution equations for contrast functions
In the study of the evolution of density perturbations it is convenient to use quantities which measure the perturbation to the density relative to the background densities. To that end the gauge-invariant contrast functions δ ε and δ n are defined by
Using these quantities, equations (129) and (130) can be rewritten as (Appendix B)
where the coefficients b 1 , b 2 and b 3 are given by
In Section 11 equations (137) and (138) are used to study the evolution of small energy density perturbations and particle number perturbations in the particular case of a flat flrw universe.
Newtonian limit
In this article, the gauge problem of cosmology is solved by constructing gauge-invariant quantities (9) and showing that they are unique. In this Section it is proved that the approach developed in this article encompasses the Newtonian theory of gravity, implying that ε gi (1) and n gi (1) should indeed be interpreted as the perturbations to the energy density and the particle number density.
For scalar perturbations the tensor h i j can be decomposed in synchronous coordinates as [see York [9] , Stewart [10] , (3.10) and Mukhanov et al [4] , (2.9)]
with φ(t, x) and ζ(t, x) arbitrary functions. After substituting this expression into (66) it is found for the trace of the perturbation to the spatial part of the Ricci tensor that
Thus, in a non-flat (k = ±1) flrw universe two potentials φ and ζ are needed to describe the evolution of ε gi (1) and n gi (1) . Hence, in non-flat flrw universes the perturbation equations (123)-(126) do not reduce to the Newtonian theory of gravity, which has only one potential. However, for a flat (k = 0) flrw universe equation (143) reduces to
where ∇ 2 is the Laplace operator. Hence, in a flat flrw universe only one potential φ is needed to describe density perturbations.
From now on the perturbation equations for a flat flrw universe are considered, i.e., a universe characterized by k = 0, implying, in view of (46), that 3 R (0) = 0. For a flat flrw universe, the zero-order equations (94)-(97) reduce tȯ
and the constraint equation (98) reads
After substituting (144) into the perturbation equations (123)-(126) and putting 3 R (0) = 0, the set of perturbation equations iṡ
for the four quantities ε (1) , n (1) ϑ (1) and φ. Similarly, from expressions (127) and (128) it can be obtained that
having eliminated ϑ (1) with the help of equation (152) and ε (0) with the help of equation (148).
In the limit of weak gravitational fields, low velocities with respect to the speed of light, and small pressures with respect to the energy density, the general theory of relativity reduces to Newton's theory of gravity [11] . Hence, the Newtonian limit can be found by taking the limits
for the background quantities as well as for the first-order perturbations. As a consequence, the kinetic energy is small compared to the rest energy of a particle, so that the energy density of the universe in the Newtonian limit is
where mc 2 is the rest energy of a particle with mass m and n the particle number density. Thus, in the Newtonian limit, the background equations (145)-(147) take the simple formḢ
while the constraint equation (148) reads
The non-relativistic counterparts of equations (149)- (152) and (153)- (154) can be arrived at by putting in these equations u
, (54), w = p (0) /ε (0) and p (1) to zero, in accordance with (155). In this way equation (151) is identically satisfied, whereas the remaining equations (149)-(152) reduce tȯ
and equations (153)- (154) become
In equations (163)-(165) the quantities ε (1) and n (1) do not occur. As a consequence, these equations can be solved for the physical quantities φ, ε gi (1) and n gi (1) . The equations (161) and (162) contain the quantities ε (1) and n (1) which, in contrast to ε gi (1) and n gi (1) , have no physical interpretation. In Appendix C it is shown that ε (1) and n (1) are gauge-dependent in the Newtonian limit. Consequently, equations (161) and (162) have no physical significance and may be discarded for these equations are not part of the Newtonian theory of gravity.
The equations (163) and (164) are now considered in some detail. Substituting equation (163) into equation (164) yields
Since ∇ 2 φ is independent of time, as follows from (163), equation (166) is equivalent to
where t p indicates the present time. This Einstein equation can be rewritten in a form that closely resembles the Poisson equation, by introducing the potential ϕ
Inserting (168) into (167) results in
where c is the speed of light, G Newton's gravitational constant and ∇ 2 is the Laplace operator. The Einstein equation (166) for the time-dependent perturbation ρ
2 is, at fixed t = t p , identical to the, time-independent, Poisson equation.
The only remaining physical equations in the limit (155) are equations (165) and (169). Hence, the perturbation theory presented in this article encompasses the Newtonian theory of gravity.
With the identification of ε gi (1) and n gi (1) as the correct physical perturbations, the question raised at the end of Section 1.2 has been answered.
Analytical examples of the new approach
As an example, two simple cases will now be considered: a flat flrw universe with a vanishing cosmological constant in its radiation-dominated stage and in its matterdominated stage. The first-order equations and their solutions constitute one of the major new results of this article.
Radiation-dominated phase of the flat universe
In the radiation-dominated era p = 1 3 ε, so that, according to (99), w = 
while the constraint equation (98) becomes
The general solutions of these equations are
The initial values H(t 0 ) and ε (0) (t 0 ) are related by the initial value condition (173). Using the definition of the Hubble parameter H :=ȧ/a it is found from (174) that
where t 0 is the time at which the radiation-dominated era sets in.
First-order equations and their solutions The zero-order solutions (174)-(176) can now be substituted into the coefficients (139)-(141) of the equations (137) and (138).
Recalling that p = 1 3 ε in the radiation-dominated regime, p n = 0 and p ε = 1 3 , so that β = 1/ √ 3, see (105). Since∇ 2 = ∇ 2 for a flat universe, the coefficients b 1 , b 2 and b 3 reduce to
using (173). For the first-order equations (137)- (138) this yields the simple forms
where H :=ȧ/a, (40). The solution of equation (180) expresses the fact that particle number density perturbations are coupled to perturbations in the radiation, i.e.,
This relation is, in the extreme case of radiation-domination, independent of both the nature of the particles and the scale of the perturbation. Equation (179) may be solved by Fourier analysis of the function δ ε . Writing
with q = |q| = 2π/λ, where λ is the wavelength of the perturbation and i 2 = −1, yielding
so that the evolution equation (179) for the amplitude δ ε (t, q) reads
having used (173)- (176). This equation is rewritten in such a way that the coefficients become dimensionless. To that end a dimensionless time variable is introduced, defined by
This definition yields
having used (174). Using (174), (185) and (186), equation (184) for the density contrast δ ε (τ, q) can be written as
where a prime denotes differentiation with respect to τ . The constant µ r is given by
The general solution of equation (187) is
where the functions A 1 (q) and A 2 (q) are given by
having used that
as follows from (186).
For large-scale perturbations, λ → ∞, the magnitude of the wave vector |q| = 2π/λ vanishes. Writing δ ε (t) ≡ δ ε (t, q = 0) andδ ε (t) ≡δ ε (t, q = 0), it is found from (188)-(191) that, for t ≥ t 0 ,
The growth rates proportional to t and t 1/2 have been derived from the full set of linearized Einstein equations and conservation laws by a large number of researchers. See Lifshitz and Khalatnikov [2] , (8.11), Adams and Canuto [12] , (4.5b), Olson [13] , page 329, Peebles [14] , (86.20), and Kolb and Turner [15] , (9.121). The integration constants, however, have never been presented in literature. From the complete solution (193) it follows that large-scale perturbations grow only if the initial growth rate is large enough, i.e.,δ
otherwise the perturbations are decaying. In the small-scale limit λ → 0 (or, equivalently, |q| → ∞) it is found, using (188)-
Due to the pressure gradients, which play a role only on small scales, a smaller growth rate than in the case of large-scale perturbations is found. In contrast to the equation of the standard theory (224) which yields oscillating density perturbations (225) with a decreasing amplitude, the new theory proves that small-scale perturbations oscillate with an increasing amplitude. In Section 12 it is shown in detail that the result of the standard theory has no physical significance.
Although the growth rates t and t 1/2 occurring in the large-scale solution (193) are well-known, the general solution (189), and, in particular, the large-scale solution (193) and the small-scale solution (195), have not been found earlier. This is a result of the fact that the equations presented in this article do not contain any gauge modes.
Matter-dominated phase of the flat universe
Once protons and electrons recombine to yield hydrogen at a temperature around 4000 K, the radiation pressure becomes negligible, and the equations of state reduce to those of a non-relativistic monatomic perfect gas [Weinberg [8] , equations (15.8.20) and (15.8 
where k B is Boltzmann's constant, m H the proton mass, and T the temperature of the matter.
Zero-order equations and their solutions
The maximum temperature in the matter-dominated era occurs around time t 0 of the decoupling of matter and radiation: T (t 0 ) ≈ 4000 K. Hence, from equation (196) it follows that the pressure is negligible with respect to the energy density, i.e.,
This implies that, to a good approximation,
Thus, as is commonly accepted, in an unperturbed flat flrw universe, the pressure can be neglected with respect to the energy density. The above facts, yield that the Einstein equations and conservation laws (94)-(98) for a flat flrw universe reduce tȯ
and the constraint equation
having put the cosmological constant Λ equal to zero. The general solutions of the zero-order Einstein equations and conservation laws are
The initial values H(t 0 ) and ε (0) (t 0 ) are related by the initial value condition (201). Using the definition of the Hubble parameter H :=ȧ/a, it is found from (202) for the scale factor that
where t 0 is the time at which the matter-dominated era sets in.
First-order equations and their solutions Eliminating the absolute temperature T from (196) results in
implying that, (57),
so that, to a good approximation, using (105)
where v s is the speed of sound. Differentiating (208) with respect to time yieldṡ
For the time development of the background temperature it is found from (196) and the energy conservation lawε (0) = −3H(ε (0) + p (0) ), this time not neglecting the pressure with respect to the energy density, thaṫ
Combining (209) and (210) results iṅ
For the evolution of the background temperature it is found that
Using this expression, equation (217) can be rewritten in the form
where a prime denotes differentiation with respect to τ . Hence, the general solution of equation (220) is
where B 1 (q) and B 2 (q) are arbitrary functions and J ±ν (x) is the Bessel function of the first kind. In other words this means that in the matter-dominated era, density perturbations oscillate with a slowly decaying amplitude. In the large-scale limit (|q| → 0), it is found that, transforming back from τ to t,
as follows from (219). The solution proportional to t 2/3 is a standard result. Since δ ε is gauge-invariant, the standard non-physical gauge mode proportional to t −1 is absent from the new theory. Instead, a physical mode proportional to t −5/3 is found. The approach presented in this article yields an evolution equation (216) which differs from the standard equation (230). As is made explicit in the next Section, however, the solution (231) of the standard equation has no physical significance.
Standard equations for cosmological perturbations
In this Section it is shown that the commonly accepted result that small-scale density perturbations in a radiation-dominated flat flrw universe oscillate with a decaying amplitude, is incorrect. Furthermore, it is proven that the conventional Newtonian treatment of density perturbations is not correct. In both cases, the proof amounts to the observation that one of the integration 'constants' in the solutions of the standard equations (224) and (230) is equal to the notorious gauge function ψ(x).
Radiation-dominated universe
The standard equation for the density contrast function δ which can be found e.g., in the textbook of Peacock [16] , equation (15.25) , is given bÿ
According to Peacock, this equation is derived by using special relativistic fluid mechanics and Newtonian gravity with a relativistic source term. 
where C 1 (q) and ψ(q) are arbitrary functions (the integration 'constants'), τ is given by (185), the constant µ r is given by (188) and J ν (x) and Y ν (x) are Bessel functions of the first and second kind, respectively. The factors 8/µ 2 r and πµ 2 r H(t 0 ) have been inserted for convenience. The derivation of the solution (225) runs along the same lines as the derivation of (189). Thus, the standard equation (224) yields oscillating density perturbations with a decaying amplitude.
It is now shown that this result has no physical significance, by showing that ψ(q) is not an integration 'constant', but the gauge function encountered in (1) . To that end, large-scale perturbations are considered. For large-scale perturbations (|q| → 0, or, equivalently, µ r → 0), the asymptotic expressions for the Bessel functions J 2 and Y 2 are given by
Substituting these expressions into (225), it is found for large-scale perturbations that
Large-scale perturbations can also be obtained from the standard equation (224) by substituting ∇ 2 δ = 0, i.e.,
The general solution of this equation is, using (174)-(176), given by (227). Thus far, the functions C 1 (q) and ψ(q) are the integration 'constants' which can be determined by the initial values δ(t 0 , q) andδ(t 0 , q). However, equation (228) can also be derived from the linearized Einstein equations and conservation laws for scalar perturbations (123)-(126): see the derivation in Appendix D. As a consequence, equation (228) is a relativistic equation and the quantity δ = ε (1) /ε (0) is gauge-dependent. Therefore, the second term in the solution (227) is not a physical mode, but equal to the gauge mode
as follows from (108), (171) and (174). Consequently, ψ(q) is not an integration 'constant', but the gauge function, which cannot be determined by imposing initial value conditions. Thus, the general solution (225) of the standard equation (224) depends on the gauge function ψ(q) and has, as a consequence, no physical significance. This, in turn, implies that the standard equation (224) does not describe the evolution of density perturbations. Here the negative influence of the gauge function is clearly seen: up till now it was commonly accepted that small-scale perturbations in the radiationdominated era of a flat flrw universe oscillate with a decaying amplitude, according to (225). The approach presented in this article reveals, however, that small-scale density perturbations oscillate with an increasing amplitude, according to (195).
Matter-dominated universe
It is commonly assumed that if density perturbations are smaller than the horizon a Newtonian treatment suffices, and gauge problems do not occur. In this Section it is shown that this assumption is incorrect.
The standard perturbation equation of the Newtonian theory of gravity is derived from approximate, non-relativistic equations. It reads 
where D 1 (q) and ψ(q) are arbitrary functions (the 'constants' of integration) and J ±ν (x) is the Bessel function of the first kind. The factors 15 8 π/µ 5 m and 4H(t 0 ) πµ 5 m have been inserted for convenience. The constant µ m is given by (218) and τ is given by (185). The derivation of the solution (231) runs along the same lines as the derivation of (221). Now, it is shown that the result (231) has no physical significance by showing that ψ(q) is not an integration 'constant,' but the gauge function encountered in (1) . To that end, large-scale perturbations characterized by ∇ 2 δ = 0 (i.e., |q| → 0) or perturbations of all scales in the Newtonian limit (i.e., v s /c → 0), are considered. Both limits imply µ m → 0, as follows from (218). The asymptotic expressions for the Bessel functions in the limit µ m → 0 are given by
Substituting these expressions into the general solution (231), results in
In the limit µ m → 0, equation (230) reduces tö
The general solution of this equation is, using (202)-(204), given by (233). Thus far, the functions D 1 (q) and ψ(q) are the integration 'constants' which can be determined by the initial values δ(t 0 , q) andδ(t 0 , q). However, equation (234) can also be derived from the general theory of relativity, and is, as a consequence, a relativistic equation. In fact, this equation follows for large-scale perturbations from equations (123)-(126) (see Appendix D for a derivation), whereas in the Newtonian limit it follows from equations (161) and (163). In both cases, however, it is based on the gauge-dependent quantity δ = ε (1) /ε (0) . § As a consequence, the second term of (233) is equal to the gauge mode
as follows from (108), (199) and (202). Therefore, ψ(q) is not an integration 'constant', but the gauge function, which cannot be determined by imposing initial value conditions. Since the solution (231) of equation (230) depends on the gauge function ψ(q) it has no physical significance. Consequently, the standard equation (230) does not describe the evolution of density perturbations. In a fluid with an equation of state (196), with non-vanishing pressure, the correct relativistic equation is (216). This proves that the commonly accepted assumption that if density perturbations are smaller than the horizon a Newtonian treatment suffices, and gauge problems do not occur, is incorrect.
Three gauge-invariant theories for cosmological perturbations
In the foregoing Section it has been made explicit how the gauge modes obscure the physical aspects of density perturbations if one uses the standard equations. The fact that gauge modes blur the study of density perturbations has in the course of time been realized by many researchers in the field. As a consequence, a number of remedies have been proposed in literature. This article now discusses the most influential and comprehensive attempts to arrive at a satisfactory treatment and interpretation of the solutions of the linearized Einstein equations and conservation laws. The three representative approaches that will be discussed here are the pioneering work of Bardeen [5] , of 1980, the approach of Ellis and Bruni [6] and of Ellis, Hwang and Bruni [7] , both written in 1989 and the treatment, written in the form of a review article, by Mukhanov, Feldman and Brandenberger [4] , which appeared in 1992.
In this Section these three treatments are investigated in the Newtonian limit, i.e., in the limit v/c → 0 and, therefore, p → 0 in the background as well as in the perturbation equations. The conclusion is that none of these approaches encompass the Newtonian theory of gravity, i.e., the Poisson equation (5) does not follow from these treatments in the Newtonian limit. Therefore, none of the gauge-independent quantities E 0 ǫ m , (237), µD, (255), and δε (gi) , (259), describes an energy density perturbation, which answers the question raised at the end of Section 1.2.
Gauge-invariant perturbation theory of Bardeen
Bardeen does not solve the linearized Einstein equations and conservation laws directly, as has been done in this article, but considers what essentially is a Fourier transformation of these equations. These are obtained with respect to what one could call Helmholtz functions Q (0) (k, x), which are, by definition, the solutions of the scalar Helmholtz equation
[equation (2.7) in the article of Bardeen; α = 1, 2, 3; a bar denotes a covariant derivative in three-space.] For zero background curvature, the solutions of equation (236) are plane waves.
In his perturbation theory, Bardeen uses the gauge-invariant definition for the energy density contrast function
see (3.13) in [5] . In this expression ǫ m (k) corresponds to the k-th component of a gaugeinvariant energy density perturbation with respect to the basis of Helmholtz functions Q (0) (k). Similarly, the gauge-dependent quantity v (0) (k) is related to the amplitude of the peculiar velocity of a cosmological perturbation. The gauge-dependent quantity δ(k) corresponds to the gauge-dependent quantity δ(t, x) = ε (1) (t, x)/ε (0) (t) in this article. The quantity B (0) is related to the metric; B (0) = 0 in synchronous coordinates. Finally, S is the scale factor and a dot denotes the derivative with respect to conformal time τ , dτ = S −1 dt. Bardeen has chosen this definition since it fulfils the 'obvious criterion that the gauge-invariant quantity ǫ m reduces to δ as soon as the perturbation comes inside the particle horizon k −1Ṡ /S ≪ 1.' However, as is shown in Appendix C, the quantity δ is gauge-dependent in the Newtonian limit. As a consequence, definition (237) cannot correctly identify a physical density perturbation. This is made explicit, by showing that Bardeen's approach does not encompass the Newtonian theory of gravity.
The background or zero-order Einstein equations and conservation laws (2.5)-(2.6) in Bardeen's paper are, for a flat (K = 0) flrw universe, given by d dτ
Units have been chosen so that c = 8πG = 1. The quantities E 0 (τ ) and P 0 (τ ) are the zero-order energy density and pressure. The perturbation equations (4.3)-(4.5) and (4.7) of Bardeen for gauge-invariant perturbations are, for a flat flrw universe, given by
where δε (gi) and δp (gi) are the gauge-invariant energy density perturbation and pressure perturbation, δε and δp the gauge-dependent energy density and pressure perturbation, and ε 0 and p 0 the background energy density and pressure. Finally, the quantities E and B are a part of the perturbed metric tensor [in this article: ζ, (142), and h 0i = B |i ]. B is equal to zero in synchronous coordinates [see their expression (2.9) of the decomposition of the perturbation to the metric tensor].
An important difference between the definitions (237) and (259) is that δε (gi) does not reduce to δε in the small-scale limit, whereas Bardeen's theory yields ǫ m → δ for k → ∞. In that sense, definition (259) is 'better' than Bardeen's definition (237).
The perturbation δε (gi) is one of the solutions of the linearized Einstein equations and conservation laws for a flat (K = 0) flrw universe given by the equations (5.17)-(5.19) of Mukhanov et al :
(aΦ)
These are five equations for five gauge-invariant quantities, namely a potential Φ, the perturbation to the energy density δε (gi) and the three spatial components of the fluid four-velocity δu 
where δu i ≡ u (1)i are the spatial components of the gauge-dependent dimensionless four-velocity (in the new theory, a gauge-independent velocity is not needed.) In the Newtonian limit
equations (260)-(262) reduce to
The question now is if, and under what conditions, the equations (265)-(267) imply the Newtonian theory of gravitation. If Φ is to be identified with the Newtonian potential ϕ, occurring in the Poisson equation, one should have
In view of H := a ′ /a, this implies
where η 0 is a constant, and Φ(η 0 , x) is not identically zero. With (269), equation (266) is identically satisfied. Substituting (269) into equation (267) yields
Since Φ(η 0 , x) is not identically zero, it must be that
This requirement is compatible with the zero-order Einstein equation (257) which reads, in the non-relativistic regime where p 0 = 0,
if and only if
In other words, in the non-relativistic regime, the approach of Mukhanov et al only coincides with the Newtonian theory of gravity when the Hubble function H vanishes identically, i.e., if the universe is static. Yet, for a static universe the Einstein equation (256) implies
i.e., the universe should not only be static, but also empty in order for the first-order Einstein equations and conservation laws to be identical to those of the Newtonian theory. Therefore, in a static universe
i.e., the approach of Mukhanov et al implies vanishing density perturbations. If δε (gi) = 0, the universe is not empty and as a result it cannot be static, in contradiction with (273).
Thus, the conclusion must be that the treatment of Mukhanov et al does not encompass the Newtonian theory of gravity and that δε (gi) is not an energy density perturbation.
Conclusion
It has long been realized that gauge modes interfere with the study of density perturbations in cosmology. In Section 12 it has been shown in detail what this interference actually is: the standard perturbation equations for a radiation-dominated universe, (224), and for a matter-dominated universe, (230), do not correctly describe the evolution of density perturbations since their solutions contain the gauge function ψ(x). In the course of time a number of approaches to address this so-called gauge problem of cosmology have been proposed. The most influential and comprehensible treatments are by Bardeen, by Ellis et al , and by Mukhanov et al . This article has reviewed these three different approaches in order to determine which of these treatments yields the correct description of the evolution of density perturbations in the universe. In Section 13 it has been shown that in fact none of these approaches is compatible with the Newtonian theory of gravity. Since the general theory of relativity encompasses the Newtonian theory of gravity, this implies that none of these treatments give a satisfactory description of density perturbations in an expanding flrw universe. This disappointing result has been a motivation to construct a new perturbation theory. This article proves that it is possible to formulate a perturbation theory which does include the Newtonian theory of gravity and, as a result, has physical significance.
Properties of the new approach
It has been shown in Section 7 that the new gauge-invariant quantities ε gi (1) and n gi (1) are unique. Consequently, these definitions correctly describe the evolution of density perturbations.
Secondly, in the new approach the gauge-invariant perturbation to the Hubble function vanishes, i.e., H gi (1) (t, x) = 0. In other words, local perturbations to the energy density have, in the first-order, no influence on the global expansion of the universe.
Thirdly, the present approach incorporates the general and more realistic equation of state p = p(n, ε), instead of the not very realistic, but more tractable, p = p(ε) customary in this field. This enables deriving the evolution equation (216) for density perturbations in a universe filled with a fluid with an equation of state (196).
Results of the new approach
The main result of the present approach is the set of ordinary differential equations (137) and (138). These equations govern the evolution of the energy density contrast δ ε (t, x) and the particle number density contrast δ n (t, x), in a flrw universe filled with a perfect fluid and described by an equation of state p = p(n, ε). The secondorder differential equation (137) differs substantially from equations found in literature, whereas the first-order differential equation (138) has never been presented in literature.
As an example, a flat flrw universe in the radiation-and matter-dominated phase has been considered. For a radiation-dominated universe the set (137) and (138) reduces to the set (179) and (180). The general solution of equation (179) is given by (189). In the large-scale limit this solution reduces to (193) . Apart from the integration constants, this is the conventional result. A new result, however, is that large-scale perturbations grow only, if the initial growth rate is large enough, as follows from (194) . A second new result is that small-scale perturbations oscillate with an increasing amplitude, as follows from (195) . Finally, the presented approach yields the new result (181) that perturbations in the particle number density are, in the extreme case of radiationdomination, coupled to energy density perturbations, independent of both the nature of the particles and the scale of the perturbation: not only are baryons coupled to radiation, also (cold) dark matter must obey this law.
For a matter-dominated flat flrw universe equation (137) reduces to (216), where it has been assumed that in this phase nearly all energy resides in the rest mass of the particles, equation (214). The new equation (216) differs substantially from the generally accepted and well-known standard equation (230), which is derived from the Newtonian theory of gravity. Since the standard equation does not correctly describe the evolution of density perturbations, the important conclusion must be drawn that Step 1. First the local spatial curvature where the coefficients q i (t) and β ij (t) are given by
Now it has been achieved that the quantity 3 R (1) occurs only in equation (A.14). Since the non-physical quantity 3 R (1) is irrelevant, equation (A.14) can be discarded.
where C is an arbitrary, small, constant. In view of (C.8), the gauge-dependent functions ε (1) and n (1) transform under an infinitesimal transformation in the Newtonian limit according to ε (1) →ε (1) = ε (1) + Cε (0) , (C.9) n (1) →n (1) = n (1) + Cṅ (0) , (C.10)
as follows from (1) and (2) . Since the universe is not static, not even in the Newtonian limit, as follows from the Einstein equations and conservation laws (157)-(160), the functions ε (1) and n (1) are gauge-dependent. Finally, it follows from equations (C.6) and (C.8) that the transformation (C.1) reduces, in the Newtonian limit, to
In other words, and not surprisingly, time and space transformations are decoupled: time coordinates may be shifted, whereas spatial coordinates may be chosen arbitrarily.
Appendix D. Derivation of the standard equation for density perturbations
In this Appendix equations (228) and (234) From (A.7) it follows that w is constant if and only if w = β 2 for all times. Using (105) it is found for constant w that p n = 0 and p ε = w, i.e., the pressure does not depend on the particle number density. Consequently, in the derivation of equations (228) and (234) the equations (96) for n (0) (t) and (124) for n (1) (t, x) are not needed. In this case, the equation of state is given by p = wε.
(D.1)
To derive the standard equations (228) and (234), requires In the derivation of (228) Peebles [14] , §86 uses ϑ (1) = 0. In this case, Peebles' approach yields a physical mode δ ∝ τ and a gauge mode δ ∝ τ −1 . For ϑ (1) = 0 Peebles finds a physical mode δ ∝ τ 1/2 . However, in the approach presented in this article both physical modes δ ∝ τ and δ ∝ τ 1/2 follow from one second-order differential equation (179), without taking an explicit value for ϑ (1) .
